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1. 'Estw p : [α, β]→ R mia suneq c sun�rthsh. Na deÐxete ìti k�je lÔsh thc
omogenoÔc diaforik c exÐswshc y′(t) = p(t)y(t), t ∈ [α, β], eÐnai thc morf c:

y(t) = Ce
∫ t
α p(s)ds,

me C stajer�.

Upìdeixh: Me parag¸gish diapist¸nei kaneÐc �meswc ìti oi sunart seic
thc dedomènhc morf c apoteloÔn pr�gmati lÔseic thc diaforik c exÐswshc.
Gia to antÐstrofo upojèste ìti y eÐnai mia lÔsh thc exÐswshc, jewr ste th
sun�rthsh u:

u(t) = y(t)e
∫ t
α p(s)ds, t ∈ [α, β],

kai bebaiwjeÐte ìti u′ = 0, dhl. h u eÐnai stajer  sun�rthsh.

2. 'Estw p, q : [α, β] → R suneqeÐc sunart seic. Na apodeÐxete ìti oi
lÔseic thc mh omogenoÔc grammik c diaforik c exÐswshc y′(t) = p(t)y(t)+q(t),
t ∈ [α, β] eÐnai thc morf c:

y(t) = e
∫ t
α p(s)ds

[
C0 +

∫ t

α

q(s)e−
∫ s
α p(τ)dτds

]
, t ∈ [α, β],

ìpou C0 stajer�.

Upìdeixh: Gia na bebaiwjeÐte ìti den up�rqoun �llec lÔseic, arkeÐ na para-
thr sete ìti h diafor� dÔo lÔsewn thc mh omogenoÔc exÐswshc apoteleÐ lÔsh
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thc omogenoÔc kai na l�bete up' ìyin thn 'Askhsh 1. Gia na prosdiorÐsete
lÔseic, dokim�ste lÔseic thc morf c:

y(t) = C(t)e
∫ t
α p(s)ds,

ìpwc sthn 'Askhsh 1, all� t¸ra me mia sun�rthsh C(t) sth jèsh thc staje-
r�c C (mèjodoc metabol c twn stajer¸n). ApodeÐxte ìti h sun�rthsh C(t)
plhroÐ mia apl  diaforik  exÐswsh, h opoÐa eÐnai eÔkolo na epilujeÐ.

3. 'Estw h exÐswsh diafor¸n 2yi+3 − yi+2 − 2yi+1 + yi = 0, me arqikèc timèc,
y0 = 0, y1 = 1 kai y2 = 2. Na brejeÐ h lÔsh thc exÐswshc se kleist  morf 
gia ìlec tic didoqikèc timèc twn i.

4. 'Estw t∗ ∈ (0, 1). ProsdiorÐste mia mh mhdenik  stajer� c tètoia ¸ste h
sun�rthsh y : [0, 1]→ R,

y(t) =

{
0, 0 ≤ t ≤ t∗,

c(t− t∗)2, t∗ < t ≤ 1,

na apoteleÐ lÔsh tou probl matoc arqik¸n tim¸n:{
y′ =

√
|y|, 0 ≤ t ≤ 1,

y(0) = 0.

5. Na deiqjeÐ ìti h sun�rthsh: f(x, y) = x3(y2 − x) plhroÐ th sunj kh
Lipschitz wc proc th metablht  y sthn perioq :

D = {(x, y) : −2 ≤ x ≤ 2, 0 ≤ y ≤ 2}.

6. DÐnetai to sÔsthma:{
y′1(x) = y1(x)− y1(x)y2(x) = f1(x, y1, y2),
y′2(x) = −y2(x) + y1(x)y2(x) = f2(x, y1, y2).

Na deiqjeÐ me th st�jmh l1 (‖u‖1 =
n∑
i=1

|ui|, gia u = (u1, u2, ..., un)
T ), ìti h

sun�rthsh f = (f1, f2) plhroÐ th sunj kh Lipschitz sthn perioq :

D = {(x, y1, y2) : 0 ≤ x ≤ β, 0 ≤ y1 ≤ c, 0 ≤ y2 ≤ d}.

7. DÐnetai to parak�tw prìblhma arqik¸n tim¸n (exÐswsh V anDerPol):
y′′ − α(1− y2)y′ + y = 0,
y(x0) = β0,
y′(x0) = β1.
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Metatrèyte to prìblhma arqik¸n tim¸n sto antÐstoiqo PAT diaforik¸n exi-
s¸sewn pr¸thc t�xhc.

8. DÐnetai to sÔsthma:{
y′(x) = y(x)− y(x)z(x) = f(x, y, z),
z′(x) = −z(x) + y(x)z(x) = g(x, y, z).

Na deiqjeÐ ìti h sun�rthsh f = (f, g) plhroÐ th sunj kh Lipschitz sthn
perioq : D = {(x, y, z) : 0 ≤ x ≤ 1000, 0 ≤ y ≤ 25, 0 ≤ z ≤ 5}, qrhsimo-
poi¸ntac th st�jmh l1.

9. 'Estw f : [α, β]×Rm → Rm mia suneq c sun�rthsh pou plhroÐ th sunj kh
Lipschitz wc proc thn Eukleidia nìrma ‖ · ‖ tou Rm. 'Estw y kai z oi lÔseic
twn problhm�twn arqik¸n tim¸n:{

y′ = f(t, y), t ∈ [α, β],
y(α) = y0,

και

{
z′ = f(t, z), t ∈ [α, β],
z(α) = z0.

ApodeÐxte ìti, gia k�je t ∈ [α, β], isqÔei:

‖y(t)− z(t)‖ ≤ eL(t−α) ‖y0 − z0‖

Upìdeixh: SumbolÐzoume me (· , ·) to Euklèidio eswterikì ginìmeno ston
Rm. An x : [α, β]→ Rm mia paragwgÐsimh sun�rthsh, tìte èqoume:

d

dt
‖x(t)‖2 = d

dt
[(x1(t))

2+...+(xm(t))
2] = 2[x1(t)x

′
1(t)+...+xm(t)x

′
m(t)] = 2(x′(t), x(t)).

10. 'Estw f : [α, β] × Rm → Rm mia suneq c sun�rthsh pou ikanopoieÐ th
monìpleurh sunj kh Lipschitz wc proc th deÔterh metablht  thc,

∀t ∈ [α, β] ∀y1, y2 ∈ Rm (f(t, y1)− f(t, y2), y1 − y2) ≤ 0.

'Estw y kai z oi lÔseic twn problhm�twn arqik¸n tim¸n:{
y′ = f(t, y), t ∈ [α, β],
y(α) = y0,

και

{
z′ = f(t, z), t ∈ [α, β],
z(α) = z0.

ApodeÐxte ìti, gia k�je t ∈ [α, β], isqÔei:

‖y(t)− z(t)‖ ≤ ‖y0 − z0‖

SumbolÐzoume me (· , ·) kai ‖ · ‖ to Euklèidio eswterikì ginìmeno kai thn Eu-
kleÐdia nìrma, antÐstoiqa, ston Rm.
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Oi ask seic mporoÔn na epistrafoÔn kai mèsw email (mxenos@cc.uoi.gr) mè-
qri thn hmèra exètashc tou maj matoc.
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